The  Solution  of  a  Certain 
Nonlinear  Riemann-Hilbert 
Problem  with  an  Application 

A.  S.  Peters 


IMM  392 
November  1971 


Courant  Institute  of 

Mathematical  Sciences  ^"^^ -^cr^i!'^' 


f^r'-'  ' 


Prepared  under  Contract  N00014-67-A-0467-0016 
with  the  Office  of  Naval  Research  NR  062-160 


Distribution  of  this  document  is  unlimited. 


New  York  University 


'<^- 


^/fyr 


IMM  392 
NR  062-160  November  I97I 


New  York  University 
Courant  Institute  of  Mathematical  Sciences 


THE  SOLUTION  OF  A  CERTAIN  NONLINEAR 
RIEMANN-HILBERT  PROBLEM  WITH  AN  APPLICATION 

A.  S.  Peters 


This  report  represents  results  obtained  at  the  Courant  Institute 
of  Mathematical  Sciences,  New  York  University,  with  the  Office 
of  Naval  Research,  Contract  NOOOl4-67-A-0467-OOl6. 
Reproduction  in  whole  or  in  part  is  permitted  for  any  purpose  of 
the  United  States  Governmento 

Distribution  of  this  document  is  unlimited. 


Abstract 
This  report  shows  that  the  nonlinear  barrier  equation 

F+(C)F-(C)  +n(C)[F^(0  +F"(C)]  +a(C)  =  0 

can  be  solved  in  closed  form  provided  [i{l^),    cr(t)  are  Hblder 
continuous  and  so  related  that 


a(C)  +  s2(0  +  2s(C)n(C)  =  [(C-a)(f-P)]''t2(C) 


where  s  ( i!^ )  and  t(i^)  are  rational  functions  and  <  =  0,  or  1. 
It  also  contains  a  formula  for  the  solution  of 

^(f)  r  tt)(z)dz  ^  r  b(z)(|)(z)dz  ^  ^^^j 

iJZ—  ^     u       Z—  (^ 

L  L 

if  a(0T3(C)  -  -1;  a(C)  ^  1,  -1. 


Ill 


1.  Introduction 

If  F(w)  is  a  meromorphic  function  in  the  complex  w-plane 
minus  the  simple,  smooth  path  L  from  a  to  p,  then,  as  is  well  known, 
the  linear  barrier  equation 

(1-1)  F'^(0  +  n(aF"(C)  +  a(C)  =  0 

can  be  solved  in  closed  form  if  m,(0  and  a(C)  are  Hblder  continuous, 
with  M.(0  ?^  0,    when  C  denotes  a  point  on  L-a-P.   The  equation  (l.l) 
has  been  studied  intensively  but,  for  more  or  less  obvious  reasons, 
comparatively  little  attention  has  been  devoted  to  nonlinear  barrier 
equations  although  Pogorzelski  [1],  in  a  series  of  papers,  has 
obtained  certain  basic  theoretical  results  for  the  equation 

(1.2)  F+(C)  +  v(C)F-(0  =  0[C,F+(0,F-(i:)]  . 
Equations  of  this  type,  for  example 

(1.3)  F'^(C)F-(C)+n(C)[F"^(d+  F-(C)]  +a(C)  =  0  , 

cannot  be  solved  by  performing  only  a  finite  number  of  operations  if 
the  coefficients  are  arbitrary  Hblder  continuous  functions.   However, 
the  following  sections  show  that  if 

(1.^)        a(0  +  s2(0  +  2s(C)n(d  =  [(C-a)(C-P)]^t2(0  , 

where  /c  is  zero  or  one  and  s(C)  and  t((^)  are  rational  functions, 
then  the  solution  of  (1.3)  can  be  reduced  to  the  solution  of  a  linear 


barrier  equation.   Some  consequences  of  this  are  examined  in 
Section  4  where  we  demonstrate  that,  subject  to  certain  constraints 
on  the  coefficients,  the  equations 

a(o/%^+/^^t^-  f(C) 
L  L 

and 

c        c 

can  be  solved  in  closed  form. 


2.  Formulation 

Suppose  that  L  Is  a  simple,  smooth  path  directed  from  the 
initial  point  a  to  the  terminal  point  p.   In  other  words,  suppose 
that  the  path  L  in  the  complex  z-plane  is  defined  by 

z(T)=x(T)  +  iy(T),  "^o-^-^e 

where 

the  derivative  z'(t)  is  continuous  in  the  closed  interval  t   "=  t  ^  t 

^    '  ■•  o  —   —  e 

such  that  z'(t)  ^   0;  and  the  path  is  directed  in  accordance  with 
increasing  values  of  the  parameter  t.   The  unit  tangent  vector  to  the 
path  L  is  determined  by  z'(t)/|z(t)|  and  if  this  is  rotated  counter- 
clockwise 7r/2  radians  we  obtain  the  unit  normal  which  by  definition 
points  toward  the  positive  side  of  L.   Let  the  exterior  of  L,  that  is, 
the  complete  complex  z-plane  minus  L,  be  denoted  by  D.   Let  F(w)  be 
a  complex  function  defined  for  w  in  D  and  let  F  (O^  F~ ( C )  denote  the 
respective  limit  values  of  F(w)  as  w  approaches  t^,    a  point  on 
L'  =  L-a  -P,  from  the  positive  side  and  negative  side  of  L.   Let  us 
require  the  limit  values  F  (O  and  F~  ( (^ )  to  be  Holder  continuous  on 
L'  and,  with  the  possible  exception  of  a  finite  number  of  poles  each 
of  finite  order,  let  us  require  F(w)  to  be  analytic  when  w  is  in  D. 
Also,  let  us  admit  possible  singularities  at  a  and  p  to  the  extent 

that  either   /  F  (O^C  and   /  F"(C)d^  exist,  or  else  F(w)  possesses 

L  L 

a  pole  at  one  or  both  of  the  endpoints  of  L.   AssTome  that  each  c.(i^) 

is  a  function  which  is  Hblder  continuous  on  L'  and  consider  the 


problem  of  finding  F(w)  such  that 


^+ 


+  , 


(2.1)      C-L(C)F"(C)F-(0+C2(C)F"(d  +  C3(OF-(C)+C4(0  =  C 


This  poses  a  nonlinear  Riemann-Hilbert  problem.   Our  aim  is  to 
discuss  some  cases  of  (2.1)  for  which  F(w)  can  be  obtained  in  closed 
form,  that  is,  in  terms  of  a  finite  niimber  of  quadratures. 

The  barrier  equation  (2.1)  arises  in  connection  with  the  solu- 
tion of  certain  singular  integral  equations  with  Cauchy  kernels. 
For  example,  the  analysis  of  the  nonlinear  integral  equation 


(2.2) 


7r^<t>^(a  + 


-|2 


0 


can  be  converted  to  the  analysis  of  a  barrier  equation  by  introducing 
the  function 


(2.3) 


F  fw)  =  rii£M . 

1^  ^  J       z  -  w 


L 


In  equation  (2.2)  ^  denotes  a  point  in  L'  and  therefore  it  can  be 

imbedded  in  a  subarc  L  of  L  such  that  the  extremities  of  L  are  the 

e  e 

same  distance  e  from  C,.      The  integral  sjnnbol  in  (2.2)  means  the 
Cauchy  principal  value,  namely. 


(2.4) 


({)(z  )dz 


lim 


L-L 


i)(z  )dz 


provided  the  limit  exists.   The  existence  of  this  limit  is  insured  if 
we  require  ^{z)    to  be  Hblder  continuous  on  L' .   Then,  the  Plemelj 


formulas    show   that 


F^(0     =       TTlMC)     +/%^ 


L 

(2.5) 


F-(C)    =   -Tri^(C)    +/%^ 


'Itt/ftAWT  INSTltUlt-UfiR 


L 

or,    "by  addition  and   subtraction 

TiMdz      ^l(^)+Fl(C) 

(2.6)  ^  , 

It  follows  that  if  a  solution  of  (2.2)  exists,  then  F-,  (w)  must 
s  at  i  s  f  y 

(2.7)  f+(c)f-(c)+h(0[f+(0  +  f-(0] +  a(C)  =  0 

where  the  limit  values  are  Hblder  continuous  on  L'  .   Here,  F-,  (w) 
must  be  analytic  in  D  and  it  must  vanish  at  infinity  in  accordance 
with  the  integral  representation  of  Fn(w)  in  (2.3).   The  behavior  of 
F-,  (w)  at  the  endpoints  of  L  depends  upon  the  conditions  imposed  on 
(j)  (  z  )  at  a  and  p  . 

The  barrier  equation  (2.1)  can  also  be  related  to  the  simul- 
taneous linear  homogeneous  barrier  equations 

(2.8)  ^+(C)  =  c^-L(0^i(C)  +  c^2^^)^i(^) 

(2.9)  ^2^C)  =  C2i(C)^i(0  +C22(0^;(C) 


where  f-.  (w)  and  ^p(w)  are  required  to  be  of  finite  degree  at 
infinity  and  analytic  elsewhere  in  D.   If  we  divide  (2.8)  by  (2.9) 
and  introduce 

■tf/    (w) 


we  find 


or 


c   (C)F-(C)+c   (C) 

F+(C)  =  -^ ^ 

C2i(C)F-(C)  +  C22(C) 


^+ 


+  , 


(2.10)   c„.(c)f^(0f"(c)  +  c^,(0f^(0  -c.AOF'iO  -c.p(C)  =  0  . 


'21' 


'22 


11 


'12 


Note  that  here,  in  contrast  to  {2.Y),    F(w)  may  have  poles  in  D.   The 

equation   (2.10)  with  either  (2.8)  or  (2.9)  is  equivalent  to  the 

system  (2.8),  (2.9)«   If  we  can  find,  in  closed  form,  any  admissible 

function  which  satisfies  (2.10),  then  we  can  solve  (2.8),  (2.9)  in 
closed  form. 

The  analysis  of  (2.8),  (2.9)  is  essential  if  we  wish  to  study 
a  pair  of  Cauchy  singular  integral  equations,  namely. 


(2.11) 


5 


a.  .({).(C)  +b.  . 


i . (z )dz 


Z-( 


=  fi(0  , 


i  =  1,2 


Note  also  in  passing  that  the  equation 


(2.12) 


a(C)/ 


({)-,(z)dz    p  b(z  )({;-,  (z  )dz 


■^^ 


T^ 


fi(C) 


can  be  regarded  as  defining  a  system  of  the  type  (2.11)  if  we  write 
(2.12)  in  the  form 


pcj)  (z)dz    n  <\>    {z)dz 


This  implies  that  the  solution  of  (2.12)  can  be  reduced  to  the  solu- 
tion of  the  barrier  equation  (2.1).   For  additional  relevant  remarks 
and  an  analysis  of  the  system  (2.11),  including  some  cases  of  (2.12), 
see  Peters  [2] . 


7 


3^  The  Solution  of  Some  Nonlinear  Barrier  Equations 

It  can  be  shovm  that,  with  F(w)  subject  to  the  restrictions 
imposed  in  Section  2,  the  barrier  equation 


(3.1)       F+(C)F-(0  +  M.(dF+(0  +  v(C)F-(C)  +  a(0  =  0 


cannot  be  solved  in  closed  form  if  the  coefficients  are  arbitrary 
Holder  continuous  functions.   This  meeins  that  the  barrier  equation 

(3.1)  is  not  in  general  equivalent  to  a  linear  barrier  equation. 
There  are,  however,  some  interesting  cases  for  which  (3.1)  can  be 
reduced,  in  a  more  or  less  simple  way,  to  a  linear  problem.   For 
example,  consider 

(3.2)  F+(C)F-(0  +k^F+(C)  +  k2F"(0  +k^  =  0 


where  the  k.'s  are  constants.   If  we  set 

1 


F(w)  =  rrr^  +   k 
^  '         F(wj 


where  the  constant  k  satisfies 

k^+  (k^  +  k2)k+  k^  =  0  , 

then  (3.2)  becomes 

(k+k2)F-(C)+  (k+  k^)F-(C)  =  -1  ; 

a  simple  linear  barrier  equation  whose  closed  solution  is  well  known. 
As  a  second  example,  consider 


8 


(3  0)        F+(OF-(d  +  r(C)[F+(C)  +F-(0]  +  a(C)  =  0 

where  r(w)  is  a  ratio  of  polynomials;  while  r(0  and  a(C)  are  Hblder 
continuous  on  L' .   Equation  (5.3)  can  be  written 

[F(C)  +r(C)]^[F(0  +  r(0]"  +  a(C)  -r^CC)  =  0 

and  if  we  introduce 

F(w)  +r(w)  =  exp  G(w) 

we  have  the  linear  equation 

G+(0  +G-(C)  =  in   [r2(C)-  a(C)]  . 

We  turn  next  to  some  examples  which  are  more  general  and  a  little 
more  complicated. 

Hereafter  we  are  going  to  be  concerned  with 

(3.4)  F'^(0f"(0  +H(C)[F+(C)+  F-(C)]  +  a(d  =  0 

when  |x(0  and  a(0  are  Hblder  continuous  on  L' ;  and  so  related  that 

(3.5)  a(C)+s2(C)  +  2s(C)M.(C)  =  [(C-a)(C-P)]''t2(C) 


where  s-^(Oj  Sp(C),  t-|^(0^  tp(0  are  polynomials  and 

/c  =  0  or  1  . 


Let  us   consider  the   case   k  =   1   first.      If  we    set 


(3.6) 


F(w)    =   G-,  (w)  +  s(w)  +  t(w)J  (w-a)(w-P) 


we  find  by  virtue  of  (3-5)  that  G-,(w)  must  satisfy 


(3.7)    g;^(C)g-(C)+  [s(0+h(C)- t(Oi(C-a)(C-P)  G+(C) 


+  [s(0  +  ^i(0  +t(OJ(C-a)(C-P) 


GT(C)  =  0 


Therefore  if  we  set 


where 


G^(w)  =  H^(w)l^(w) 


n   ny.{z)dz 

H.  (w)  =  exp  ^r±^   /  -i 

1^  '     -^  2Tri  J    z-w 


and 


7^(z)  =  ^n 


t(z)s/(z-a)(z-p)  +  s(z)+  ^(z) 
t(z)j(z-a)(z-p)  -s(z)  -n(z) 


varies  continuously  along  L,  we  find  that  I-,  (w)  must  satisfy 


(3.8) 


%(C) 


^1^^^    ^1^^^     Jt2(C)(C-a)(C-P)  -[s(C)  +n(C)]^ 


The  general  solution  of  (3.8)  is 


(3.9) 


I^lwj 


=  p(w)  - 


1 


H.  (z)dz 


L   (z-w)Jt^(z)(z-a)(z-p)  -  [s(z)  +  M.(z)]^ 


where 


10 


(3.10) 


+ 


P  (C)  =  P"(C)  =  P(C)  . 


From  this  relation  and  the  conditions  imposed  on  F(w)  we  deduce 
that  p(w)  must  be  a  ratio  of  polynomials.   Thus  we  have  shown  that 
the  solution  of  {J>A)    can  be  presented  in  closed  form  if  (3.5)  holds 
with  /c  =  1. 

The  equation  (3«^)  subject  to  (3.5)  with  /c  =  0,  i.e.. 


(3.11) 


a(0+s^(C)  +2s(C)n(0  =  t2(0 


can  also  be  solved  in  closed  form.   To  see  this,  let 


(3.12) 


F(w)  =  G(w)+  s(w)  +  t(w)  , 


The  substitution  of  (3.12)  in  {j>.h)    subject  to  (3.11)  shows  that 
G(w)  must  satisfy 


,+ 


+  , 


G"(C)G-(C)+  [s(C)  +  t(C)  +  n(C)][G^(0+G-(C)] 


+  2t(0[s(C)+  t(c)  +n(C)]  =  0 


or 


G+(OG"(0    ^^^ 


,+ 


+ 


G"(C)    G-(C) 


+ 


X 

2t(C)[s(C)+  t(C)+n(C)] 


0 


The  last  equation  can  be  written 


(3.13) 


"2t(0    ■ 


n  + 


2t(C)  ,  . 


M-(C)  +s(C)  -t(0 
n(C)+s(c)+  t(0 


If  we  assume  that 


11 


^^^   [x(C)+  s(C)+t(c) 

neither  vanishes  nor  becomes  infinite  on  L'  and  if  we  define  ^n  N(z) 
so  that  it  varies  continuously  as  z  chamges  from  a  to  p  along  L, 
then  the  general  solution  of  (5 .13)  is 

(3.14)  ^^+1  =  e^^^)+^(^) 

where 

(J. 15)         h{w)  =  /^-in«-i^)    r    InM^)^^ 

and  q(w)  must  obey 

q''(C)+  q'(C)  =  0  . 

Hence  we  find  that 

(3.16)  F(w)  =  s(w)  + t(w) +  G(w) 

gh(w)+q(w)  ^^ 
=  s(w)+t(w)  ^h(w)+q(w)_^  • 

If  F    (w)    is   any  admissible   fxinction  such  that 

(3.17)  f^(C)f;(C)  +  m.(0[f^(0+f-(C)]+ a(C)  =  0 
then   the   general   solution  of 

(3.18)  f^(C)f"(C)+m.(C)[f'"(C)  +  f-(c)] +  a(0  =  0 

can  be  expressed  in  terms  of  F  (w)  as  follows.   Take 

(3.19)  F(w)  =  Fq(w)  +F3_(w)  . 


12 


Substitution  in  (3 .18)  shows  that  F-,(w)  must  satisfy 


(3.20) 


m.(0+f;^(0   h(0+f-(c) 


F^(C) 


F-(C) 


This  is  a  linear  barrier  equation  which  can  easily  be  solved  for 
1/F-,(w);  and  hence  we  can  show  explicitly  how  F-,  (w)  depends  on  F^(w). 
If 

M.(C)  =  r(C)  , 


where  r(w)  is  a  rational  function,  then  the  solution  of  (3.20)  can  be 
written  immediately  because  we  have 


'r(0+F^(0        1 

— F7(D~ 


+    2 


+ 


+ 


r(C)  +  F^(C)         1 

— rxa —  ^  2 


1' 


0 


from  which 

(3.21) 

where 

From    (3.21) 


r(w)+  F    (w)        -. 

0,1 


^^ +   2   =   ^1^^^ 


+ 


q  (0+  qi(C)  =  0  . 


2[r(w)  +F    (w)] 
^1^^)    =  -^q^(w)-l        ' 


so  that  the  general  solution  of  (3.18)  is 


F(w) 


2[r(w)+  F  (w)] 


o 


2q^(w)+  1   r 
=  -^^^^  +  ^q^lw)-  1-  [^(^)+F^(w) 


13 


or 


(3,22)  F(w)  =  -r(w) +  p(w)[r(w) +  F  (w)] 


where 


p"'(Op"(0  =  1 


If  the  condition  (3«5)  holds  we  see  from 


f^(Of;(0  +  m.(0[f^(0+ F-(c)] 


+  [(C-a)(C-P)]''t'^(0  -s^(C)-  2s(C)m.(C)  =  0 
that 

s^(0-  [(C-a)(C-P)]''t2(c)-  f+(Of-(C) 

n(C)  = + ; 

f;(0+f;(C)-  2s(0 


and 


f;(C)  +  f;(0-2s(0 


[F-(C)  -s(C)]^-  [(C-a)(C-P)]'^t2(C) 
^x(C)  +  F-(C)  =    ° 


O  '  ^  '  rn+ 


I 


f"(c)  +f;(0-2s(c) 

Hence  (3 .20)  csm  be  written 

[F_^(c)-s(0]^-[(<-a)((:-e)]'=t2(c)  1+ 

W^ F^TTT— +  Fo(0-s(c)j  =0 

The  general  solution  of  the  last  equation  Is 


14 


[F  (w)  -  s(w)r-[{w-a)(w-P)l''t^(w)  , 

(3-23)   — W^ +I'o<")-=("'  =^ 


where 


q2(C)+q2(C)  =  0 


Therefore 

/[F  (w)-  s(w)]2-[(w-a)(w-P)]'<^t2(w)] 

F.  (w)  =  q  (w)  2 . 

^       2  1-  q2(w)[F^(w)  -  s(w)] 

This  gives 

[F  (w)  -s(w)]  -  q  (w)[(w-a)(w-p)]''t^(w) 
(3.24)      F(w)  =  s(w)  +  — ^ ^ 


1-  q2(w)[F^(w)  -  s(w)] 

which  is  a  representation  for  the  general  solution  of  (3.18)  subject 
to  (3 '5)  where  k   =   0,    1. 

The  basic  procedures  presented  above  can  also  be  used  for  a 
closed  curve  but  some  modifications  are  needed.   Let  C  be  a  simple 
smooth  closed  path  which  divides  the  complex  plane  into  two  domains 
D   and  D~  of  which  D   contains  the  positive  side  of  C.   Let  us  seek 
a  function  F(w)  which,  except  for  poles,  is  analytic  in  D   and  D~; 
and  which  satisfies  the  barrier  equation 

(3.25)  F+(Of-(C)+h(C)[F+(0  +  F-(0]+  r(C)[F+(0-F-(C)]+  a(C)  -  0 

for  C,    on  Co   Let  us  assume  that  r(w)  is  a  rational  function;  that 
each  of  (j.(0^  o(C)  and  r(C)  is  Hblder  continuous  on  C;  and  that  the 
coefficients  are  so  related  that 

(3.26)  a(C)+r2(C)  +  s2(C)  +  2s(C)M.(C)  =  t2(C) 
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where  s(0  ^jnd  t{t^)    are  rational  fiinctions.   With  (3.26)  the  barrier 
equation  (3.25)  can  be  solved  in  closed  form  as  follows.   If  we 
substitute 

/u^,w;-t-tj^w;-l-t^,w;-^I■^^w;        w   in   T 
(3.27)      F(w) 


/G(w)  +  s(w)+  t(w)+  r(w) 
[g(w)  +  s(w)+  t(w)-  r(w) 


w  in  D 


in  (3.25)  we  find  that  G(w)  must  satisfy 


g+(Og-(0   ^^^ 


G+(C)    G-(0 


+ 


2t(c)[s(c)+  t(0  +  n(0] 


=  0 


which  can  be  expressed  as 


(3.28) 


■2t(C) 


"GTrj 


+ 1 


+ 


"2t(0  +1 


^   ix(C)+  s(U  -  t(C) 
n(C)  +  s(c)  +t(c) 


This  can  be  solved  by  taking  the  logarithm  of  both  sides  but  before 
doing  this  an  adjustment  may  be  necessary.   Assuming  that 


^^'  "  n(c)  +  s(c)+t(i:) 


neither  vanishes  nor  becomes  infinite  for  C  on  C,    it  may  be  that  the 
argument  of  In   N(C)  changes  by  m.27ri,  an  integral  multiple  of  27ri,  as 
C  ranges  along  C  back  to  a  starting  point  and  so  N(0  n^ay  be  dis- 
continuous on  Co   In  order  to  compensate  for  this  we  can  introduce 
the  factor  (C-w  )  ,  where  w   is  in  D  ,  as  shown  in  the  next  equation 


o 


(3.29) 


+ 


N(0 

m 


(c-w^r     (c-w„) 
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The  general  solution  of  the  last  equation  is 


'  (w-w  )   exp  [h  (w)+p(w)]      w   in  D 


+ 


\    '    o 


exp  [-h  (w)  -p(w)]     w   in  D' 


where 


in 


h  (w) 
o^  ' 


1 
2tt± 


N(z) 


( z-w  ) 

>    o ' 


m 


z-w 


dz 


and  p(w)  is  such  that 


+ 


via  =  p"(c)  =  p(c)  . 


From  the  above 


(w-w  )  e 
^    o^ 


2t(w) 

h  (w)+p(wj 


m   o 


-  1 


G(w)  = 


\ 


2t(w) 
-h  (w)-p{w) 
e   °        -1 


and  we  find 


w   in  D 


+ 


w   in  D' 


^  h  (w)+p(w) 
(w-w  j  e  +  1 

s(w)+  r(w)+  t(w)  »  


(w-w  )  e 
^    o ' 


h  (wj+p(wj 


w  in  D 


+ 


m  o 


-  1 


(3-30)   F(w)  =  J 


-h^(w)-p(w) 

I  s(w)  -r(w)+t(w).  \^  (wj-plw)""^ 
L  e   °        -1 


w   in  D 


as  the  general  solution  of  (3.25)  subject  to  (3.26).   The  integer  m 
is  the  index  of  N(z)  on  C  and  it  is  given  by 

1  ,^N'(z) 


m  = 


WIj^    N(z} 
C 


dz  . 
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4.  An  Application 
Let  us  apply  some  of  the  preceding  Ideas  to  the  equation 

(4.1)  a(0  f^^   ^^Mz]i(_zjdz  ^  ^(^)  ^ 

L  L 

We  proceed  to  demonstrate  that  If 

a(C)b(0  =  -1 
(^.2) 

a(0  7^  1  ,  -1  ; 

then  the  solution  of  (4.1)  can  be  presented  In  closed  form  because 
the  analysis  of  (4.1)  can  he  reduced  to  the  analysis  of  a  linear 
harrier  equation.   We  assume  that  a(C)j  t)(^),  f(C)  a-nd  ({)(C)  a-^e  inte- 
grable  along  L;  and  that  they  are  Hblder  continuous  when  C  denotes 
a  point  in  L'  =  L  -  a  -  p. 

In  order  to  solve  (4.1)  introduce 

L  L 

where  )(-,  (w)  and  Xp(^)  ^^^  required  to  be  analytic  in  D  except  for 
possible  poles  at  infinity.   The  Plemelj  formulas,  with  (4.1),  show 
that  if  we  require  Xi  (^)  ^^'^   Xp(^)  ^°  ^^  ^^°  f^^mctions,  not  both 
identically  zero,  which  satisfy  the  simultaneous  linear  barrier 
equations 

(^.^)        xiiO  +  ^iOxliO  =  -[xI(C)+b(C)x2(C)]  ; 

(^.5)  xt(C)  -a(C)x2(0  =  Xl(0  -a(Ox2(0  ; 
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then  x(^)  niust  satisfy  the  equation 
We  also  have 

L 

+[xlio  +  x~2iOsna  . 

It  is  now  evident  that  if  Xn  (^)  ^^^  X2^^)  ^^"^  ^^  found,  then  (4.6) 
can  be  solved  for  x(w)  and  hence  ^{z)  can  be  deduced  from  (4.7)  by 
introducing 

(4.8)  0(w)  =/ii^ 

L 

which  provides 

(4.9)  ■       27ri   MO    =0"'(C)   -0-(0 
and 

(4.10)  2/%l|i  =o+(C)+o-(C)   . 

L 

In  terms   of  o(w)    the   equation    (4.7)   becomes 

(4.11)  x'"(C)  +  x"(0    =    [2x^(C)+[b(C)-a(0]X2(^)f""'(0 

-[b(0  +  a(C)]x2(Oo-(0+)x2(^)+xi(Orf(0 

and  if  we  use  (4.4)  and  (4.5)  we  have 
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[2x^(0 +[b(0-a(C)]x2(Olo"'(U 
(^.12)  +[2x^(C)+  [b(C)-a(C)]x;(C)jo-(C) 

=  x^(C)+x"(C)-[x2(0+x2(C)U(C)  , 

a  linear  barrier  equation  which  can  be  solved  for  o(w)  once  Xi (w) 
and  xp('")  are  known.   The  equation  (4.12)  can  be  solved  if  we  know 
only  certain  particular  solutions  of  (4.4),  (4.5)  and  (4.6). 

The  discovery  of  admissible  solutions  of  the  system  (4.4), 
(4.5)  can  be  made  to  depend  on  a  solution  of  the  nonlinear  barrier 
equation  for 

Xi  (^) 

(4.13)  F(W)   =  -^ r 

which  is  generated  by  dividing  (4.4)  by  (4.5).   We  find 
(4.14)    F+(C)F~(C)+  '^^^^•'  l^^^^^    [F'^(C)  +  F-(C)]  +1  =  0. 

The  pair  (4.l4)  and  either  (4.4)  or  (4.5),  is  equivalent  to  (4.4) 
and  (4.5). 

Since  (4.2)  is  in  force,  we  know  from  Section  3  and  (3.16) 
that  if 


(4.15)       A(w)  ^yiw-aj(w-pj  r         ^^  U-a(zjJ 


"2?r 


"1+  a(z) 


^      (z-w)/(z-aj(z-Pj 


dz  , 


where  [1+ a(z )]/[l  -  a(z)]  neither  vanishes  nor  becomes  infinite  for 
z  on  L,  then 
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p2A(w) 
(4.16)  F-l(w)  =  \^^^^  =   coth  A(w) 


is  a  particular  solution  of  (4.l4).   From  this,  we  find  by 
substituting 

Xi(^)  =  Fi(w)x2(w) 
in  (4.4)  and  (4.5),  that  Xo(^)  ni^st 

[p^(c).MiN^(i)ijtx^(c)]2 

(4.17) 

Equation  (4.l4)  shows  that 

(,.,8)  Mc)-a(o_t^l(c)p-,(0.ii 

^  F+(0  +  F-{C) 

and  therefore  equation  (4.17)  is  the  same  as 


(4.19)        [[F^(c)]^-  ii[x2(c)]^-  li^liof- ihxliof  =  0 


The   function 

(4.20)  X2^^)    "  "^  =   sinh  A(w) 

jpfM  -1 

satisfies  (4.19);  it  is  analytic  in  D  and  behaves  like  a  constant  at 
infinity.   Corresponding  to  this  Xo^^^'  ^^^  function  Xi (^)  i^ 

(4.21)  Xi(^)  =  Fj_(w)x2(w)  =  cosh  A(w) 
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and  it  also  satisfies  the  original  conditions  imposed  on  )(-,  and  y^ 
by  being  analytic  in  D  and  behaving  like  a  constant  at  infinity. 
Notice  that  if  we  defnne 


(4.22) 

and 

(4.23) 

then 

and 


A(0  = 


v(0  =  ^  ^n 


27ri 


1+  a(0 
l-a(a 


Hn 


1  +  a(z) 
LI-  a(z) 


(z-C)/(z-aj(z-fij 


dz  ; 


A^O  =  v(C)  +  A(0 


A"(C)  =  v(0-  A(0  . 


Notice  also  that  (4.6)  and  (4.20)  yield 


+ 


X  (C)-x"(0 


■  v(C)  ^  -v(C) 
e  ^  ^  ^  +  e 


f(C)  sinh  A(C) 


_  2f(C)  sinh  A(C) 


Jl-a2(C) 


Hence 


(4.24) 


X(w)  =-4-  r  f(^)  3inh  A(z2 
L   (z-w),Jl  -  a'^(z) 


is  the  only  solution  of  (4.6)  with  properties  that  match  those  of  the 
representation  (4.3). 

We  are  now  in  a  position  to  solve  (4.12)  forO(w).   If  we  use 
(4.13),  (4.18)  and  (4.6),  then  (4.12)  becomes 
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([F^(C)]^  -l]X2(0o"'(0  +  [[F-(C)]^-  l}xi(Oo-(0 


,+ 


+ 


+ 


=  FlU)ix  U)-X2(^)^i^))  +Fl(0[x"(0-x;(Of(0} 


This  leads  to 


1 


0(w) 
sinh  a(w j 


-  x('^)  coth  a(w)  j' 


>  + 


2f(C)  cosh  a(C) 


+  [si,£'"M  -y(")  =othA(w)f' 


<l-a'^(C) 


Subject  to  the  implications  of  the  representation  (4.8),  the  general 
solution  of  the  last  equation  is 


f      cosh_A(w)  r  f(z)  sinh  a(z) 
L   (z-w)Jl-  a^(z) 


dz 


(4.25)  c(-j)-/  -s^'^h  A(w)    r/(2-a)(z-g)  f(z)  cosh  A(z)  ^„ 


\  7ri/(w-a)  (w-P  ) 


V 


+ 


(z-w)  ^'1  -  a  (z  ) 

Trie  sinh  a(w) 
/(w-aj(w-pj 


where  c  is  an  arbitrary  constant. 

Finally,  the  solution  of  the  integral  equation  (4.1),  subject 
to  (4.2),  is  determined  by  (4.9)  and  (4.25).   The  formula  for  the 
solution  is 
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(4.26)   ^fc)  =  -  -g^  slnhXUlJ     f(^)  ^^'^h  A(_z2  ^^ 


^     a(C)  cosh  A(C)      r  /(z-a)(z-p)  f(z)  cosh  a(z)  ^^ 
TT^  (C-a)(C-P)il-a''^(C)  L       (z-C)Jl-a2(z) 

+    c  a(/:)  cosh  a(C) 


/(C-a)(C-P)  Jl-  a^(C) 

where  a(C)  is  defined  by  (4,23). 

There  are  other  equations  of  the  type  (4.1),  namely 

(4.27)  ^(,)|ilL)|£^^MzHU)dz  ^  ^(^)  ^ 

L  L 

which  yield  to  the  above  procedures.   The  condition  (4,2)  is  a 
particular  case  of 

(4.28)  s2(t)+s(0[b(C)-  a(C)]  =  a(Ob(C)  +  [(C-a)(C-P)]''t^(C) 

where  s(f)  and  t(0  are  rational  functions  and  /c  is  zero  or  one.   It 
can  be  verified  that  if  a  solution  of  (4.27),  subject  to  (4.28), 
exists,  then  it  can  be  presented  in  closed  form.   The  same  is  true 
for  the  equation 

(4.29)  ^(^)^ii£)dz  ^^b(zHU)dz  ^  riOHO+fia 

c        c 

when  its  coefficients  obey  the  relation 
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(4.30)     s2(C)+s(C)[b(C)  -a(C)]  =  a(C)b(4)  +  r2(0+t2(0 
where  r(s)  is  a  rational  function. 
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